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Impact Response of Orthotropic Composite Plates Predicted
from a One-Parameter Differential Equation

Robin Olsson*
FFA, Aeronautical Research Institute of Sweden, S-161 11 Bromma, Sweden

This paper presents an approximate analytical solution for the dynamic response of an infinite specially
orthotropic plate impacted by an impactor with a semispherical tip. Thus, the solution is valid for low mass
impacts. The analysis is an extension and rederivation of a solution for isotropic plates proposed by Zener. The
analysis assumes a Hertzian contact law and is based on Kirchhoff’s plate equation. The plate response is
expressed in terms of contact force, contact pressure, central displacement, central curvature, and size of the
impact affected area. The response is computed from a dimensionless differential equation in time, which is only
dependent on the inelasticity parameter lambda. Lambda is a function of the impact velocity and variables
describing the impactor and the plate. For a given lambda, the response can be interpolated from the solution
plots for a number of representative values of lambda. Results computed from the model are compared with
published numerical analyses and a number of experiments, and a close agreement is noted. Finally, the analysis
shows the time-dependent velocity of a flexural wave propagating from the impact center.

Nomenclature
A = relation between flexural stiffnesses D;;, Eq. (18)
a = length in x direction of wave-affected area (Fig. 2)
aj; = g, related to a specific mode ij (Fig. 2)
b = length in y direction of wave-affected area (Fig. 2)
b; = b, related to a specific mode ij (Fig. 2)
c = radius of contact area (Fig. 1)
Cr = velocity of flexural waves, Eq. (42)

Cs = velocity of shear waves, Eq. (37)

= flexural stiffness

= effective plate stiffness, Eq. (20)

= apparent modulus of elasticity in contact stiffness,
Eq. (5) .

= modulus of elasticity of object i

= apparent E;, Eq. (4)

= contact force, Eq. (2)

= plate thickness (Fig. 1)

= impulse transferred to the plate, Eq. (33)

= mode number (number of half-waves) in x direction

= mode number (number of half-waves) in y direction

= contact stiffness, Eq. (3)

= plate mass per unit area

= contact pressure, Eq. (6)

= impactor nose radius

= radius from impact center (Fig. 1)

= integration dummy variable

= time constant, Eq. (29)

= fixed time from beginning of impact

= displacement of mass center of object i (Fig. 1)

= eigenfunction of mode jk of a simply supported
plate, Eq. (10)

= global in-plane plate coordinates (Fig. 2)

= global out-of-plane plate coordinate

= material constant in integration, Eq. (21)

indentation, Eq. (1)

in-plane angle from x axis

= plate curvature, Eq. (49)
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A = nondimensional impact parameter, Eq. (30)

v; = equivalent Poisson’s ratio for transverse load on
object i

v = Poisson’s ratio for the plate and plies

0i = density of object i

T = variable time

wj = angular frequency of mode jk, Eq. (17)

Indices

Xr = flexural value

Xy = connected with mode jk

Xy =X related to x,y,z
X, = X of the plate

X5 = X of the impactor
X;1 = X related to mode 1,1
X,;n = (m,n explicit numbers) X referring to local ply

axes, m,n

I. Introduction

WELL-KNOWN problem with laminated composite plates

is their sensitivity to impact and the resulting damage,
often in the form of invisible internal delaminations. The first
step in understanding the causes and prevention of impact
damage is a basic understanding of the dynamic impact re-
sponse and how it is affected by different parameters. Ideally,
closed-form solutions are desired for the response. However,
the analytical treatment of impacts on plates faces consider-
able difficulties. These include the contact problem between
impactor and plate, an almost point-like contact load, and a
transient forced motion of the plate that is coupled to the
contact problem. A complicating factor in composite plates is
that shear deformations and bending-twisting coupling may
have to be considered.

Impacts are often classified as ‘‘low velocity’’ and ‘‘high
velocity’’ impacts. Tool dropping exemplifies low velocity
impact, hail and runway stones high velocity impact.

From a phenomenological point of view, however, a more
relevant classification would be impacts where the response is
controlled by the boundary conditions and where it is con-
trolled by wave propagation. In the boundary-controlled
cases, the entire plate is deformed during the impact. When
the contact time is much longer than the period of the lowest
vibration mode, it could be termed as quasistatic, and the
contact force and plate response are in phase. In the wave-con-
trolled cases, the maximum contact force and plate response
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are never in phase, and the plate deformation is localized to
a region around the impact point. The kind of response is
dependent on impactor velocity and mass as well as dimen-
sions and properties of the plate. In a recent study,! low
velocity impacts with small masses were used to produce re-
sponses that are normally termed as high velocity impacts. The
damage resulting from these fundamentally different catego-
ries of impact has been studied experimentally by Cantwell
and Morton.? The basic theory of impact is treated in Ref. 3.

The boundary-controlled quasistatic case has been analyzed
by a considerable number of researchers*’7 and by numerous
experimenters.%8-1© Most experimental works do not make a
distinction between boundary-controlled and wave-controlled
impact response. Furthermore, they are usually limited to
postimpact studies.

The boundary-controlled dynamic case of isotropic plates
was treated by Karas in 1939.!! The analyses of general dy-
namical impact response involving both wave propagation and
boundary influence are limited to numerical studies that are
either based on the finite element method!*'” or on serial
expansions of numerically computed eigenmodes.!®?! A com-
parative study of these methods was given in Ref. 22. Recently,
some analyses have been presented for impact on cylinders.?3-24

The object of the present study was to increase the under-
standing of factors affecting the impact damage by finding a
simple analytical solution for the impact response of compos-
ite plates.

The analysis is limited to the first impact phase where flex-
ural waves have not yet been reflected from the boundaries. In
all nonquasistatic cases encountered in the literature, maxi-
mum contact force occurs during this phase. A solution for
nonshear deformable isotropic plates was given by Zener in
1941.%° A more general solution for the transient forced mo-
tion of infinite isotropic plates was given by Sneddon in
1944.%6 Later, elements from Zener’s and Sneddon’s theories
were used by Schweiger?’28 to analyze impact experiments
with isotropic plates. Recently, Mittal®® presented a solution
for shear deformable transversally isotropic plates. In the
present paper, Zener’s basic approach has been generalized to
specially orthotropic plates. However, the derivation has been
done in a more stringent way than originally. Furthermore,
expressions have been derived for flexural strains and wave
propagation. A more extensive description of the theory is
given in Ref. 30, although the present paper includes improved
expressions for flexural strains.

II. Contact Laws

In this study a Hertzian contact law has been used to de-
scribe the contact phenomenon. Hertz’s theory was originally
developed for a static load on an isotropic linear elastic half-
space, but it has been shown*?3! to be a good approximation at
moderate strain rates and highly local permanent deforma-
tion. A basic prerequisite in the impact on plates is also that
the indentation depth is much smaller than the dimensions of
both the contacting bodies and the contact area. For the case
of a sphere against an isotropic plate (Fig. 1), Hertz’s theory
states that the indentation is

(S=W2—W1 (1)

and the contact force is

F = k.82 )]
where
k. = g E.VR 3)
with
E{ =E;/(1 - C))

p2R

F
O\ | "2
00
Indentation Wy
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Fig. 1 Parameters in the contact problem.
and
1VE. = 1/E{ + 1/E; )

For the case where the indentor is much stiffer than the target,
Eq. (5) simplifies to 1/E,. = 1/E].
The contact pressure is

3F T/
p(r)=——27l_c2 N1-r¥/c?, 0<r=ec ©)

and the contact radius
c=+vVR6 @)

For nonisotropic plates the material compliance 1/E| must be
modified.

The logical extension of Eq. (4) for transversally isotropic
plates is

E{=E, /(1 —vyv,) (8a)

In most laminated plates #,, = 0, and the expression simplifies
to

E| =E, (8b)

A more advanced expression for transversally isotropic mate-
rials has been derived by Conway and referred to by Greszczuk.3?

In an orthotropic plate, the transversal compliance of Eq.
(8a) becomes directionally dependent. It can be estimated by
integrating over 27 and taking the average. However, since in
most laminated plates »,. = 0, the solution again simplifies to
Eq. (8b). This brings 1/E, into agreement with the expression
proposed by S. H. Yang and C. T. Sun (compare with Ref.
12).

A more advanced closed expression is not known for gener-
ally orthotropic laminates, although a numerical solution by
Greszczuk and Chao has been shown?? to be relatively insensi-
tive to in-plane fiber orientations. The indentation that is
circular in transversally isotropic plates becomes elliptical in
orthotropic plates. This effect is, however, very small. Ac-
cording to the numerical solution by Greszczuk and Chao, the
axis ratio of the ellipse was only 1.07 for E,./E,, = 14.3.
According to experimental studies by Moon, referred to in
Ref. 32, the indentation was only slightly elliptical for a unidi-
rectional laminate.

On this basis, the following approximations seem highly
justified for an orthotropic plate: 1) indentation is circular,
and 2) transversal stiffness E| is given by Eq. (8a) or (8b). In
the case of Eq. (8a), the properties should be the averaged
in-plane properties.

For laminated composite plates, Tan and Sun®® and others
have experimentally found a good correlation with the Hertz
1.5 power law during quasistatic loading and less good during
unloading. However, k. was only determined as an empirical
constant. The results were shown to be valid for dynamic
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loads by comparison between an impact experiment and pre-
dictions from a finite element analysis based on the static
loading/unloading laws.

In numerical solutions, it is common to set the transversal
Young’s modulus of the laminate equal to that of a ply, i.e.,
E, = E,,. However, due to the constraints imposed by lamina-
tion, the transversal modulus of the laminate is larger than
that of a single ply. This has been shown experimentally and
theoretically by Henriksson,3* who studied the special case of
a cross-ply laminate where E, was found to be 1.25 - E». This
study also verified the contact law of Eq. (2) using stiffnesses
of Egs. (3), (4), (5), and (8b).

Using the transversal stiffness from Ref. 34 seems to consid-
erably reduce the difference between theoretical contact mod-
uli £, and the ones obtained by Tan and Sun.

III. Derivation of Governing Equations

A basic assumption in the present analysis is that the time
involved is so short that bending waves do not reflect from
boundaries. In many impact cases, this assumption is highly
justified as will be shown in Sec. V. It must, however, be
pointed out that the model ceases to be valid as soon as such
a reflection takes place.

The analysis is based on Kirchhoff’s plate theory for spe-
cially orthotropic plates. The response of a plate can be ex-
pressed by time integration of the sum of modal impulse
responses using orthogonal normalized eigenmodes.*> For a
plate with zero damping, the response in a point x, y to a point
load in xg, ¥, is given by

) = S Fo S 5 Watey) Wioyy
0

sinfwy ( —= )] d7
j=lk=1 muwjy

®

The neglect of damping is normally justified in short time
impacts. The reasons are discussed in Ref. 30.

In an orthotropic plate, the flexural wave fronts scatter as
almost elliptical rings centered in the impact point,’® as
sketched in Fig. 2a. We now approximate the area affected by
impact with a simply supported rectangular plate with side
lengths @ and b as shown in Fig. 2b.

The normalized eigenfunctions of the plate are

2 j k
cos AL cos xny 10)

\/ﬁ a b
Wy =0atx = xa/2, y=+b/2 implies jk =odd (11)

Wi =

The fact that the waves are closed ellipses implies
j=k (12)

The assumption j = k implies that the ratio a/b is equal to the
ratio of wavelengths. These are the inverses of the wave num-
bers k; = wj/Cr; (i = x,y). Assuming the flexural wave veloc-
ities Cr; to be given by Eq. (36), we obtain the relation

a/b = Cr/Cr, = (D1/Dyp)* (13)
M y
b/zT b/2 .
4!‘“'} — + -1 —
b/2 ‘ b/2 ™ g
a/2 I a/? a/e a/2
a) b)

Fig. 2 Shape of the deflected area.

In the Appendix, a similar solution is derived without the
assumptions in Egs. (12) and (13).

In the impact point given by (x,,50) = (0,0), the following
applies:

Wi (X0.¥0) = Wy (0,0) = 2/"/ab (14)

Substitution of Eq. (14) into Eq. (9) gives the plate displace-
ment w;(0,0,¢) at the impacting point:

wy(0,0,¢) = 1 u‘ F(T)f: f: 4 sin {wy(f —7j dr  (15)
0

m 21 k=1 abwj

The double sum in Eq. (15) can be approximated by a contin-
uous integration over j and k in the following way:

WI(0,0,t)

1 {f “1> 4 )
=— SF(T)S § - Vo - Vo sin [wy (F ~7)] dj dk d7
m Jo 0 Joabwj

= 1 § F(T)S S ! sin [wy(z —7)] dj dk d7 (16)
m Jo b

0 Jo ADWj

The factors Y2 are motivated by Eq. (11). Since wy is a
continuous smooth function summing over odd cardinal num-
bers, it can be approximated by one-half of the continuous
integral over the same interval. For a specially orthotropic
plate, the frequencies wy, are given®” by

D\t 2 JN2[k\? Dynfk\*
wjk=1r2 \/%<5> +;(D12+2D65)<;> <E> +? 3 (17)

with Eq (10)=a2/b2 = VD“/D22 and

A = (D3 + 2Dgs)/ND1\Dpy (18)

we get

2
aboy = \/—% (D11 Dy)"j* + 24,72 + k* 19)

If j = k as given by Eq. (12), we obtain
abwjk = 271'2VD*/m jk (20)

where the effective plate stiffness D* is defined by D*=
[(A + 1)/2} ¥Dy1Dy,. Note that A = 1 for an isotropic plate.
By inserting Eq. (20) into Eq. (16), we obtain

°°r sin[B(z — 7)jk]

. —__27r2 D mik djdkdr (21)

w1(0,0,7) =% SOF(T)S

0

where 8 =m27r2\/D*/m /(ab).
Since |~ (sin ps/s) ds = =/2 for p >0, we obtain

1 t

—_— A

NPk SOF (r) dr 22)
where the effective plate stiffness D™* is given in Eq. (20).

Equation (22) can be compared with the solution of Eq. (A8)
in the Appendix, which was derived without the assumptions
that j = k and a/b = (Dy1/Dy)%.

If we neglect vibrations in the impactor, we may® express the
displacement of the impactor as

w,(0,0,¢) =
1 ) 2

1 ' , , )
Wz(t) = Vot — 1T4 j j F(T) dr dr with W2(0) =0, w2(0) = VO
0J0

(23)
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The neglect of vibrations in the impactor requires that the time
of load application is much longer than the transition time for
internal stress waves in the impactor. This is usually true for
balls and short bar metal impactors but not necessarily for
longer impactors.

Using Hertz’ law of contact, Eq. (1), we obtain the follow-
ing integral equation:

S+wi—wy=0 (24)

where w, and w, are given by Egs. (22) and (23).

IV. Solution of the Governing Equations

We can now proceed in the spirit of Zener. Differentiating
Eq. (24) twice with respect to time gives

S+ — =0 25)
Inserting Eqgs. (22) and (23) and then inserting Eq. (2) gives
d_25 1 3 —k.6V2 — do E 2=
arr* svmD* 2% W "M

with initial conditions §(0) = 0,

(26)
50y =V,

We now introduce the nondimensional variables proposed by
Zener:

< 6 -
b=—r, I=t/T 27
v, 27

where V; is the initial velocity of the impactor and T is an
unknown time constant. The nondimensional form of Eq. (26)
is

d_fS +A 6‘/2 db +6¥%2=0
az” "2 dr 28)
50)=0 8O _
=0, —=—=

Inserting variables in Eq. (27) into Eq. (28) and identifying
coefficients in Eq. (26) gives

= [M/(kNVYI* 29

A= kXVYSM35 /(8N mD¥) (30a)
4 2/5

A= 3 E.) R'V3V)’M*5/(8/mD¥) (30b)

All of the parameters describing the impact are now included
in one single nondimensional parameter . The 8(7) equation,
Eq. (28), can be solved numerically for different values of A.
In Fig. 3, dimensionless contact force histories §(7)!-* have
been plotted for different values of A.

Inserting Eqgs. (27) and (29) into Eqgs. (2) and (6) gives

4 2/5 _
F = [ <§> (EC)Z/SR 1/5(MV3)3/5:| §3/2 (31)

1/5

Po=p(©0) = [24 R -3/5(Ec)4/5(MV3)“5] N €

t

I= j F(r) d7 = MV}, - j 82(7) dr (33)
0 0

At the end of impact,

I =MV, for A\>1 (34)

1.2 -
] ) L=\ —&—  Lambda=0
1.0 4 c ) ' —a— lambda=0.5
l —{+— Lambda=1
0.8
n i -—e— |ambda=2
o 0.6 - ——0— Lambda=5
0.4 1
0.2 000
0.0 ——————T
0 1 2 3 4 5

time
Fig. 3 Dimensionless contact force histories for various lambda
values.

By inserting Eq. (33) into Eq. (22), we obtain

V t
WL j 52 dr (35)

The solution 8(7) contains all of the information necessary to
compute contact force, contact pressure, displacement, shear
load, and bending stresses in the impact point.

For this purpose a short FORTRAN program “‘impact’’ has
been written. Equation (28) can be written as a system of two
ordinary differential equations. The program ‘‘impact’’ is
based on an existing standard program for the solution of such
systems. The standard program has been adopted to give all
functions of § that are required.

W](0,0,t) =

V. Flexural Wave Propagation

As observed by Takeda,? a very low amplitude tensile stress
wave propagates from the impact point during the first micro-
seconds. We are, however, mainly interested in the flexural
deformation of the plate that results in much higher stresses.

The velocity in thin plates for plane flexural waves in the
direction 6 and with a wavelength much longer than the plate
thickness is given*® by

Y
Cr0) = (?) Vo (36)

However, the shear wave velocity C(6) puts an upper limit to
the in-plane propagation of transversal disturbances:

Cs(0) =~V G (0)/p 37

For homogenous isotropic and orthotropic materials, a
more correct velocity limit is the Rayleigh wave speed Cy that
in homogeneous isotropic media is slightly lower than Cg.*!
Experimental results by Takeda®® show that the leading edge
of flexural disturbances in cross-ply glass/epoxy laminates
also propagates at a velocity slightly lower than Cs (estimated
from material data).

To compute the velocity of flexural waves, we note that for
a certain j, k

g D
a/2= j Crjx d7 = j < “) N (38)
0 0

From Eq. (20), we have
_ ™ OuD)NHAD)

K Im ab
w2 fDn .
= ;5 7 V2(A4 + 1) jk 39
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distance x/(a,/2)

Fig. 4 Normalized predicted displacement vs distance from the im-
pact center.

since a/b = (D,,/Dy,)" according to Eq. (13).
Inserting Eq. (39) into Eq. (38) implies

d D
22 2 = zf /ﬁ [2(4 + D]*Vjk (40)

dr
=7 Du\* Vo ik )V
ay =2V o [2(A + DI*(k)Vt @n
Inserting this result into Eq. (40) gives
Vo (D \% o
Cryji = > ﬁ [2(4 + DI*k)“ /Nt 42)

Equation (41) describes how far from the impact center a
certain mode front has reached. Inserted in Eq. (10), it can be
used to determine the shape of an individual mode. Figure 4
shows the theoretical displacement form when one and six
modes are included in the summation. Amplitudes and dis-
tance from impact center are normalized with respect to the
first mode. The displacements are not significantly changed by
adding higher modes. Figure 4 is almost identical to displace-
ment forms observed experimentally by Fillstrém et al.’642
Reference 42 also included analytical solutions for an isotropic
plate impacted by a unit pulse or a sine wave pulse. These
solutions, which essentially are zeroth order Bessel functions,
agree with Fig. 4, except that they are smoother. Furthermore,
after completed impact, the central displacement is identical to
Eq. (35). It is noted from Fig. 4 that large flexural strains
occur in the impact center and in a flexural wave slightly ahead
of the first node line that can be approximated with the
position of the first mode wave front.

To examine the validity of Eq. (41), a comparison was made
with experimental results by Takeda,? Fillstrém et al.,* and
Fillstrom.** Takeda used strain gauges to measure the posi-
tion of the main flexural stress wave (ky.,), whereas Fillstrom
et al. provided photographs showing the whole displacement
field, making it possible to determine the positions of the first
node line and maximum curvature. These results were com-
pared with the predicted position of the wave front of mode 1
(a1,/2 and b,,/2), and an excellent agreement was found. The
comparison with Fillstrom et al. is given in Fig. 5. Finally, we
note that Eq. (41) can be used to determine when influence
from plate boundaries is to be expected.

VI. Plate Stresses and Strains
Differentiating the eigenfunctions of Eq. (10) twice and
then proceeding in the same way as when deriving displace-
ment results in infinite central curvature. A previous approxi-
mation3® proposed by the author has shown a bad correlation

70

60 -
50 -

40

x(mm)

30
iy ———  x(k=max)
20
. —L—  x(w,;=0)

e 214/2

10

T T T T T T T T T

0 20 40 60 80 100 120
time(s)

Fig. 5 Propagation of flexural waves in an impacted glass/epoxy

plate. Comparison with experimentally determined position of xmax

and first node line (w; = 0) with the front of the first wave mode
(an/2).

to experimental data.! Instead, an expression is sought by
generalizing a solution by Sneddon? for isotropic nonshear-
deformable plates. This solution was applied and experimen-
tally verified by Schweiger?’ for Hertzian impacts on isotropic
plates. First, we note that Eq. (22) is equal to the classical
solution by Sneddon,? Zener,? and originally by Boussi-
nesq,* if the isotropic plate stiffness D is replaced by the
effective plate stiffness D*. Second, we note that Sneddon’s
cylindrically symmetrical solution w,(,¢) given in the coordi-
nates X, y

X =Fcos @, y =Fsin 6 43)
can be transformed to an elliptical system x, y by projecting
the coordinates according to the relation of the corresponding
flexural wave velocities:

x =(Dn/D*)*%, y = (Dn/D*)"y “49

In fact, such a solution seems more suited for describing the
displacement field of an orthotropic plate than the rectangular
plate approximation. Further support for this intuitive conclu-
sion can be found by comparing with the displacement fields
observed experimentally by Fillstrom et al.’¢

To derive the time histories of central displacement and
central curvature of an isotropic plate, Sheddon used Hankel
transformations. Using serial expansions of improper inte-
grals, Sneddon derived the following approximate expression
for the central curvature during the impact:

Kf(oso’t) = K;(0,0,t) = KF(O’G’t)

2 ? t
_ 08,0 wi00.0) m ey —0.4208] (45)
F? T D

for ¢t <, (t, = contact time) provided that 7,/ < 1 where
to= cNm/D/4 (46)

After completed impact, the solution is

k7(0,0,1) = —W—l((:_—o’—t—) \/% [n(l — 2./1)] 47)

However, w,(0,0,¢) = 0 when ¢ > ¢, if no boundary reflections
have occurred.

We note that the condition #y/f <1 is equivalent to the
condition that the area affected by contact stresses is negligible
in comparison with the area inside the first node line, which
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for the orthotropic case can be approximated using Eq. (41).
The resulting condition is

w2 cWm <
anby  4D1DR) 24 + D)4t

1 (48)

Differentiating Eq. (45) with respect to x considering Eq. (44),
replacing D by D* in Eq. (20), and using Egs. (7) and (27)
results in the following expression for the central curvature:

#w,(0,0,8)

ﬂ) 04228] 49

for t < t, where Fis given by Eq. (31) and D* by Eq. (20). The
ky is obtained by replacing Dy, with D,. Using classical lami-
nated plate theory, the flexural strains in midplane symmetric
plates are obtained from

__F [h(&V_oé
87|'VD11D* 4 ;

€:(0,0,z,¢) = zk,(0,0,¢), €,(0,0,z,¢) = zx,(0,0,¢) (50)

VII. Some Observations on the Model

Several observations can be made from the numerical solu-
tions of Eq. (28).

By studying the impulse 7, Eq. (33), transferred to the plate
we note that after completed impact 7 = 2MV, for A =0 and
I = MV, for A> 1. Due to the conservation of momentum, the
resulting impactor rebound velocity W,is W, = — Vyfor A =0
and W, = 0 for A> 1. Thus, for A> 1 the behavior is similar to
that after an inelastic impact. This motivated Zener to desig-
nate N\ as the ‘‘inelasticity parameter.”’ Since the plate dis-
placement w; is proportional to the impulse, it will be propor-
tional to impactor mass and velocity if A> 1.

The conclusion that the impact is essentially inelastic for
A>1 is supported by observations by Petersen,'*> who used
finite element analysis to study an impact problem with
A=1.5. He found that changing the contact law from
Hertzian to inelastic had virtually no influence on the plate
response.

It can be seen from Eqgs. (33) and (35) that, if the kinetic
energy MVZ/2 of the impactor is kept constant while the
impact velocity is increased, zero displacement is, as expected,
approached since the transferred impulse 7 limited by I'<
2MV, = 2MVE/V, decreases. In this case, we approach pure
perforation problems.

The model can be used for parametric studies. Varying
parametric ratios in the interval 0.1-10 gives the following
approximate formulas for a spherical impactor:

Fonas = (0a/ 1) =02 (MV3) 03 (R) 052 ()™ (RO (E)*** (1)

where Er = 12D, D5/ k3.

All parameters are normalized with respect to some original
value where A is equal to unity. The influence of stiffnesses
(especially contact stiffness) on F,,, is very small.

Although the governing differential equation cannot be
solved analytically, some exact results can be found for A =0,
and some limits can be established for other cases.

A =0: Multiplying Eq. (28) by 26’ = 2d5/d7 and then inte-
grating and considering initial conditions gives

Maximum 6:
_ 5 2/5
Om = <4_1> (52)

5 = —1 (53)

Final velocity 6':

A>0: Integrating Eq. (28) and considering initial condi-
tions gives

#r=11-3 - 10)] 54
Maximum &%
5 =0=8 =+ [1 - (D] <~ (55)
A A
Final velocity:
§=0=8"=1-1( (56)

For physical reasons and from numerical observations we
know that 1<7(f)<2. Thus

—-1<5'<0 1))

The following approximation for Eq. (55) was found to be
successful for A>1:

5232 = (1 — 0.4442/N9)/\ (58)

Setting ¢ = 0.8 results in an error of less than 3% for 1 <A< 15.

VIII. Comparison with Other Studies

To verify the model, an initial experimental study' was
initiated since no studies could be found where contact force,
displacement, and strains under the impact force were recorded
simultanously under wave-controlled conditions. In these ex-
periments an orthotropic carbon/epoxy laminated plate was
impacted with a 30 g pendulum-mounted steel ball at five
different impact velocities ranging from 0.38 to 1.89 m/s. The
plate displacement was measured by studying a series of short
pulse laser holograms from a number of repeated identical
impacts. Flexural strains were recorded using a cross-mounted
strain gauge and ‘‘contact force’’ using an accelerometer on
the impactor. The plate size was chosen to guarantee negligible
boundary influence during the major part of the impact times.

Using ply data and experimental data in Ref. 1 results in the
following data for the impacted plate:

Dy, =632.2 Nm
Dy, =198.0 Nm
Dig=Dy=0

Dy, =273.5 Nm

D66 = 214.6 Nm

m =7.36 kg/m?

Dimensions: 400 X 500 X 4.572 mm

The data of the impacting steel ball were M =30 g and
R =9.5 mm.

In the experiments, A ranged from 0.90 to 1.25 and the time
constant T from 49 to 68 us. Contact force and displacements
were predicted with high accuracy except for a small time
difference (see Fig. 6). Using the theory in Ref. 30, flexural
strains were only predicted qualitatively. However, when us-
ing Eq. (50), the flexural strains are predicted with an error of
a few percent (see Fig. 7). A linear relation was observed
between flexural strains and the impact velocity. A similar
linear dependency has been predicted and experimentally veri-
fied by Qian et al.¥ who considered scaling laws on plate
impact problems.

Doyle* experimentally determined the time-force history
with the help of fast Fourier transform (FFT) analysis of
signals from a number of strain gauges. A 12.7-mm steel ball
with a velocity of 2.3 m/s was used to impact a seven layer
[0/90] 3M Scotch ply glass epoxy laminate of dimensions
406 x 406 x 1.78 mm. The contact-force history was predicted
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Fig. 6 Predicted (dotted) and measured contact force and center
displacement in a (45/0/ — 45)s5 laminate.
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Fig. 7 Predicted (dotted) and measured flexural strains in a (45/0/
—45)¢s laminate.

accurately with the present model, except for a small time lag,
with a difference in predicted and measured contact force of
8%. The full comparison is given in Ref. 30.

The model has also been compared with a number of nu-
merical solutions. Cairns and Lagace? used a quick Rayleigh-
Ritz energy method to solve the finite-varying initial problem
for anisotropic Mindlin plates. They assumed a Hertzian con-
tact law. Several impact cases were studied with a number of
different impactors, plates, and boundary conditions. One of
the cases that also has been studied by Sun and Chen'” and
Wu*’ was the impact on a 200 X 200 mm [0/90/0/90/0]
graphite/epoxy (T300/934) plate.

The ply data given in Ref. 20 result in the following plate
properties:

D“ = 154.9 Nm
D12 =4.760 Nm
m =4.132 kg/m?

D22 =91.4 Nm
D66 = 8.970 Nm
h =2.69 mm

The impactor was a steel ball with the following data:
R =6.35 mm, V,=3.0m/s, and M = 8.30 g. Using Egs. (5)
and (8b) gives £, =9.72 GPa. Impact parameters were A=2.08
and T = 29.3 us.

The comparisons of contact force and central plate displace-
ment predicted from the present model are given in Fig. 8.
Further comparisons are given in Ref. 30.

— caRNs s Lacace 2
b= Wwu E
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- ol \Y g S
Lt K o — i)
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Fig. 8 Contact force and center displacement in a (0/90/0/90/0)
laminate predicted from the present theory and a number of numerical
analyses.20,17,47
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Fig.9 Center displacement for various impact velocities predicted by
the present theory and by finite element analysis by Aggour and
Sun.14

Aggour and Sun'* used a two-dimensional finite element
analysis to study displacement, normal stress, and average
shear stress in two composite plates impacted elastically by a
steel cylinder at various velocities. The program included
shear deformation. The response of [0/90/0] glass-epoxy
plates was studied at three different impact velocities.

Using the ply data for 1.27 mm plies given in Ref. 14 results
in the following plate properties:

Dll = 181.3 Nm

Dy, = 9.65 Nm
m =7.245 kg/m?
D22 =44.1 Nm
DGG =19.03 Nm

h =3.81 mm

Dimensions: 140 mm X 140 mm clamped-clamped

The impactor was a 9.525-mm-diam blunt-ended steel cylinder
with a Hertzian contact behavior. The load was uniformly
distributed over the cylinder end area; M = 14.17 g, contact
stiffness plate impactor k. = 100 - 10° N/m'?5.

The comparisons with the present solution are given in
Fig. 9; impact parameters: A = 1.29-1.45, T = 55-62 us.

Sun and Liou!® used a three-dimensional finite element
method to analyze stresses and displacements in cross-ply
140 x 140 mm laminates with three, four, and five plies. One
of the cases studied was a (0/90/0) graphite/epoxy laminate
where the ply data given in Ref. 16 results in the following
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Fig. 10 Flexural stresses in a (0/90/0) laminate predicted by the
present theory and a three-dimensional finite element method by Sun
and Liou.1¢

laminate data:

D, = 641 Nm
Dy, =19.2 Nm
m =6.134 kg/m?
D22 = 86.3 Nm
D66 =21.4 Nm
s =3.81 mm

The impactor and contact load had the same data as given in
the preceding example: impact velocity, V, = 22.6 m/s; impact
parameters, A = 0.952, T = 61.63 us.

Since the contact radius ¢ is constant in this example, Eq.
(49) cannot be used in its original form {compare Egs. (45) and
(46)]. In the Hertzian theory R V,,8/7is equal to ¢/t according
to Egs. (7) and (27). In the present case, RV,6/7 is replaced by
c?/t where c is the impactor cylinder radius 9.525 mm/2.

Comparison of central stresses predicted by the present
model is given in Fig. 10. The fact that the predicted magni-
tudes of o, and o, coincide is merely a coinsidence resulting
from z coordinates chosen for computing the stresses. It
should be noted that the stresses predicted from the present
theory and by the three-dimensional finite element model are
not fully comparable since the present model does not con-
sider three-dimensional effects and assumes a contact area
that is small compared with the plate thickness.

Sun and Liou also studied the central displacement of the
plate described earlier when the thickness was scaled to 2 =3.81,
5.72, and 7.62 mm. The computed maximum values were 2.4,
1.3, and 0.80 mm. The values predicted from the present
model are 2.7, 1.3, and 0.76 mm.

The influence of neglecting shear deformations can be stud-
ies by comparing with Mittal’s?® shear deformable theory for
transversally isotropic plates. In this theory, 7, and A\ are
completely interchangeable with T"and A in the present theory.
In addition, Mittal includes a shear parameter that can be
rewritten as

, hV3E/p1
B == (59
5TG,

where E; = 12D/h3. By studying the results given by Mittal,
the influence of shear is seen to be small for 8<0.1. It is noted
that 8’ <0.1 for all cases studied in this section. It is believed
to be valid for most impacts on thin laminated plates.

IX. Conclusions
The analytical method presented in this article seems to be
able to predict the time response at the impact point during the
primary impact in a specially orthotropic plate impacted by an

impactor with a semispherical tip, under the condition that
major flexural waves have not yet been reflected from the
boundaries. Predicted displacements, flexural strains, or
stresses and contact force (and, indirectly, contact stresses) are
in good agreement with presented numerical methods and
experimental results.

The character of the impact has been shown to be controlled
by the single nondimensional parameter X that depends on
parameters of the plate and the impactor as well as the impact
velocity. In general, N increases with increasing kinetic energy
and contact stiffness of the impactor and decreases with in-
creasing density and stiffness of the plate. Increasing A short-
ens the loading phase and prolongs the unloading phase of the
time-force curve. For A>1, which is the most common for
impacted composite plates, the impact is almost inelastic and
the maximum displacement is directly proportional to the
mass and velocity of the impactor. Final displacement in-
creases if the plate-impactor contact stiffness is reduced to
such an extent that A\ falls below unity. In the case A =0,
displacement is doubled compared with cases where A> 1.

An approximate parametric formula shows that transversal
Young’s modulus has a small influence on the contact force.
The contact force is mainly influenced by impact energy,
impactor radius, and plate thickness. In apparent contradic-
tion, the contact force increases with reduced impactor radius
and reduced impactor density. The latter was also observed in
a numerical study by Cairns and Lagace.?°

A comparison with a number of numerical analyses indi-
cates that boundary conditions usually have a small influence
on central displacement, flexural strains, and contact force
during the primary impact in short time (i.e., low mass) im-
pacts on reasonably large laminates.

The velocity of the flexural waves is shown to be propor-
tional to the square root of the wave mode number (i.e., the
number of half cosine waves) and inversely proportional to
square root of time. This is a special result for flexural waves
in an area of propagating wave fronts, since in such an area
the wavelength for a certain mode number is constantly grow-
ing. The formula presented is supported by a number of
experimental results.

A comparison with a solution for shear-deformable
transversally isotropic plates indicates that shear effects usu-
ally are negligible in laminated plates.

According to the present analysis, the common method of
relating impact response and damage to impact energy is inad-
equate since mass and velocity are independent parameters.
Such a use can only be justified if repeated experiments yield
the same response for different combinations of mass and
velocity having the same impact energies.

X. Remarks

After the submission of this article, the predictions of the
present model were verified in an experimental study by vary-
ing all of the parameters involved in the solution. The study
was presented in Ref. 48.

Appendix

It is possible to derive a solution w, that is approximately
equal to Eq. (22) without making the assumptions a2/b%=

\/DII/DZZ andj =k:

Du/i\* 2 N2(k\2 Dy (k\*
wj = 72 \/JG) +—(Dlz+2066)<1> (—> +—”<—>
m \a m a b m \b

(AD)

By making the substitution

= () Quer-(2) () @
m a m b
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Wyy = T x* + 2Ax2y2 +y4 where A = (DIZ + 2D66)/VD”D22
(A3)

We may now write

(-~} o 1 oo Qo
S S djdk=—\/7n ,/j S——d"dy
0 Jo abwj (DuDn)”* Jo Jo wx

Substituting the preceding expressions in Eq. (16) gives

t o oo .
meon “ S F (T)j j Vm__ sinliy (t = 7)]
0

m 0 Jo (D1iDwn)” Wyy

dx dy dr
(Ad)

By introducing cylindrical coordinates x = r cos 8, y = rsin 6,
and then setting s = r2, ds = 2r dr, f(7) = t — 7, and

h(0) = 1/~ cos*d + 24 cos?d sin0 + sin%f

= INT+[(4 — 1)/2] sin’20 (AS)
wl(0,0,t)

_ 1 ' ’”Th(o) NG ‘1

_\/7n(DuDzz)'”‘ &F(T)& 2w sin h(G)s . ds dé dr

1 t 7r/2h
=—-——————|—§ F(T)S 50 49 4r
8Vm(D1D»)" Jo o w2

<since§ S ps ds = 7—r> (A6)
0 S 2

By the substitution ¢ = 26, we obtain the solution from an
elliptic integral®:

x/2
X hO) 4,
0 7!'/2

2K[N(A = A2V ifo<A<l
=91 it  A=1 (A7)
W24 + HDKNA - 1)/A + D)/n if  A>1

where K (k) is the complete elliptic integral of the first kind.3?
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